Abstract In the present paper, we introduce the notion of module ð/; uÞ-inner amenability and module character inner amenability for a Banach algebra A which is a Banach module over another Banach algebra A with compatible actions. We characterize module ð/; uÞ-inner amenability and prove some hereditary properties.
A be the projective tensor product of A and A which is a Banach A-bimodule and a Banach A-bimodule by the following actions: 
The concept of module ð/; uÞ-amenability and module character amenability for Banach algebra A, where u 2 DðAÞ and / 2 X A were introduced by Bodaghi and Amini in [4] . Our aim in this paper is to introduce and study module ð/; uÞ-inner amenability and module character inner amenability of Banach algebras. We characterize ð/; uÞ-inner amenability and prove some hereditary properties. Moreover, we investigate that module ð/; uÞ-inner amenability for certain class of Banach algebras consists of projective tensor product A b B, A È 1 B, and A È p B, the l p -direct sum of A and B, where 1 p\1.
Characterization and hereditary properties
We commence this section with the following definition. Definition 2.1 Let A be a Banach A-bimodule and let u 2 DðAÞ and / 2 X A . Then, A is called module ð/; uÞ-inner amenable if there exists m 2 A ÃÃ , such that mðu /Þ ¼ 1, mðf :aÞ ¼ mða:f Þ and mða:f Þ ¼ mðf :aÞ for all a 2 A; f 2 A Ã and a 2 A. A Banach A-bimodule A is called module character inner amenable if it is module ð/; uÞ-inner amenable for each u 2 DðAÞ and / 2 X A .
We note that if A ¼ C and u is the identity map, then the module ð/; uÞ-inner amenability and module character inner amenability coincide with /-inner amenability and character inner amenability (see [8] and [6] ).
The next theorem characterizes module ð/; uÞ-inner amenability of Banach algebras that is analogue of Proposition 2.1 of [5] on module ð/; uÞ-amenable Banach algebras. Theorem 2.2 Let A be a Banach A-bimodule and let u 2 DðAÞ and / 2 X A . Then, the following statements are equivalent:
(i) A is module ð/; uÞ-inner amenable; (ii) There exists a bounded net ða i Þ i in A such that kaa i À a i ak À! 0; ka:a i À a i :ak À! 0ða 2 A; a 2 AÞ and u /ða i Þ ¼ 1 for all i; (iii) There exists a bounded net ða i Þ i in A such that kaa i À a i ak À! 0; k a:a i À a i :ak À! 0ða 2 A; a 2 AÞ and u /ða i Þ À! 1.
and similarly, we have hm; f :ai ¼ hm; a:f iða 2 AÞ. Therefore, A is module ð/; uÞ-inner amenable. Clearly, B is convex and so T(B) is a convex subset of A A . For every f 2 A Ã , we have Proof Let ðe a þ J A Þ a be a bounded approximate identity of A=J A and let u 2 DðAÞ and / 2 X A . Then,
Note that in the above proposition, both left and right actions of A on A=J A are trivial, by Lemma 2.4. Therefore, for every a 2 A, we have
Then, the net ðe a þ J A Þ a satisfies condition (iii) of Theorem 2.2, and hence, A=J A is module ð/; uÞ-inner amenable. Remark 2.6 A inverse semigroup is a discrete semigroup S, such that for each s 2 S, there is a unique element s Ã 2 S with ss Ã s ¼ s and
The set of idempotent elements of S is denoted by E S . Define the relation on E S by e d , ed ¼ eðe; d 2 E S Þ: Then, E S is a commutative subsemigroup of S, and l 1 ðE S Þ may be regarded as a subalgebra of l 1 ðSÞ. Let s be an inverse semigroup with the set of idempotents E S . We let l 1 ðE S Þ acts on l 1 ðSÞ by multiplication from the right and trivially from the left, that is
By these actions, l 1 ðSÞ becomes a Banach l 1 ðE S Þ-module. In this case
We consider an equivalence relation on S as follows s % t , d s À d t 2 J l 1 ðSÞ ðs; t 2 SÞ: For inverse semigroup S, the quotient semigroup S= % is discrete group and so l 1 ðS= %Þ has an identity (see [2, 13] ). Indeed, S= % is homomorphic to the maximal group homomorphic image G S of S (see [11, 14] ). It is also shown in Theorem 3.3 of [15] that
bimodule with the following actions:
where [s] denotes the equivalence class of s in G S .
It is shown in [4] that the maps u and / satisfying (3) exist for l 1 ðSÞ:
Example 2.7 Let S be an inverse semigroup with the set of idempotents E S . Consider l 1 ðSÞ as a Banach module over l 1 ðE S Þ with the trivial left action and natural right action.
Then, by Proposition 2.5, l 1 ðG S Þ is u /-inner amenable (module ð/; uÞ-inner amenable) for all u 2 Dðl 1 ðE S ÞÞ and / 2 X l 1 ðSÞ . Example 2.8 Let A be a commutative Banach algebra and commutative A-bimodule (i.e., a:a ¼ a:aða 2 A; a 2 AÞÞ. Let u 2 DðAÞ; / 2 X A and let a 2 A be such that 
A is module amenable (see page 42 of [3] 
Similarly, for every a 2 A and f 2 A Ã , we have
Thus, A is module ð/; uÞ-inner amenable. Therefore, A is module character inner amenable.
The proof of the following proposition is adapted from that of Proposition 2.3 of [4] . 
Therefore, B is module ð/; uÞ-inner amenable. h Corollary 2.11 Let A and B be Banach A-bimodules and let h be an A-module homomorphism with dense range. Then the module character inner amenability of A implies the module character inner amenability of B. In particular, if A is module character inner amenable, then so is A=J A .
The proof idea of the following result is taken from the proof of Lemma 2.6 of [4] .
Proposition 2.12 Let
Ã , where f is an arbitrary element of A Ã extending g. Now, for every g 2 I Ã ; a 2 I and a 2 A, we have In addition, nðu /j I Þ ¼ mðu /Þ ¼ 1: Therefore, I is module ð/j I ; uÞ-inner amenable. h We need to recall the following remark from [4] to give the next result: Remark 2.13 Let A be a Banach algebra and A be the unitization of A which is A ¼ A È C is a unital Banach algebra which contains A as a closed ideal. Let A be a Banach A-module. Then, A is a Banach A-bimodule with the following module actions: ða; kÞ:a ¼ a:a þ ka; a:ða; kÞ ¼ a:a þ kaðk 2 C; a 2 A; a 2 AÞ: 
Module inner amenability of certain Banach algebras
Let A b B be the projective tensor product of two Banach algebras A and B. In addition, if u 2 DðA b AÞ, then u ¼ u 1 u 2 , where u 1 ; u 2 2 DðAÞ (see [4] ).
The technique of proof of the following theorem (one side) is similar to that of Theorem 2.8 of [4] . Math Sci for all f 2 A Ã . Therefore, A is module ðu; / 1 Þ-inner amenable. Similarly, one can prove that B is module ðw; / 2 Þ-inner amenable.
For the converse, let A is module ð/; u 1 Þ-inner amenable and B is module ðw; u 2 Þ-inner amenable. Then, by Theorem 2.2, there exist bounded nets ða i Þ i in A and ðb j Þ j in B with bounds M 1 and M 2 , respectively, such that
Consider the bounded net ða i b j Þ ði;jÞ in A b B. Therefore, Now, if we take A ¼ C and u is the identity map in the above corollary, then we obtain that A È p B is character inner amenable if and only if both A and B are character inner amenable. Therefore, the above corollary generalizes Proposition 4.2 of [6] .
Let A be a Banach algebra and X be a Banach A-bimodule. The l 1 -direct sum of A and X, denoted by A È 1 X, with the product defined by This Banach algebra were introduced by Forrest and Marcoux in [7] . Note that s can be identified with the module extension ðA È 1 BÞ È 1 X, in which X is considered as a A È 1 B-module under the operations: ða; bÞ:x ¼ ax; x:ða; bÞ ¼ xbða 2 A; b 2 B; x 2 XÞ:
Furthermore, if A and B are two Banach A-bimodules and X is a Banach A È 1 B-A-module, then s is Banach A-bimodules under the module actions defined as (6) . Let / 2 X A and define/ : A È 1 X À! A bỹ /ða; xÞ ¼ /ðaÞða 2 A; x 2 XÞ. Then,/ 2 X AÈ 1 X .
Using Theorem 2.2, we can routinely prove the following proposition and so we omit its proof. Proof Suppose that s is module character inner amenable. By Corollary 3.5, A È 1 B is module character inner amenable. Therefore, corollary 3.3 implies that A and B are module character inner amenable. h
